We compare the irreversible work produced in an infinitesimal sudden quench of a quantum system at zero temperature with its ground state fidelity susceptibility, giving an explicit relation between the two quantities. We find that the former is proportional to the latter but for an extra term appearing in the irreversible work which includes also contributions from the excited states. We calculate explicitly the two quantities in the case of the quantum Ising chain, showing that at criticality they exhibit different scaling behavior. The irreversible work, rescaled by square of the quench's amplitude, exhibits a divergence slower than the fidelity susceptibility one. As a consequence, the two quantities obey also different finite-size scaling relations.
I. INTRODUCTION
One of the main goals in the field of quantum thermodynamics is the analysis of the statistics of work and heat produced by a quantum system brought out of equilibrium by a change of its dynamical parameters. This type of problems are currently under active investigation as they both address fundamental issues and may pave the way to novel applications of quantum devices. The heat-to-work transformation in a quantum system is crucial for quantum engines implementations [1, 2] and the increasing control achieved in the laboratories over the parameters' tuning of mesoscopic systems [3] provides further motivations. The dynamics of out-of-equilibrium closed systems [4] gives the possibility to investigate how fundamental processes occurring in nature, e.g., thermalisation, do translate in the realm of closed quantum systems. Moreover, by means of the fluctuation theorems [5] [6] [7] , which have been tested also experimentally [8] [9] [10] [11] [12] [13] , it is possible to relate quantities in an out-of equilibrium protocol -such as work production -to equilibrium quantities, namely free-energy difference.
The typical scenario consists in a quantum system described by an Hamiltonian having a parameter that can be fine-tuned and time-controlled. Quenching such a parameter drives the system out of the initial equilibrium state, resulting in an irreversible entropy and work production [14] [15] [16] . These provide a measure of the irreversibility of the transformation and have been at the center of many investigations [17] [18] [19] [20] [21] [22] [23] . In particular, recent studies have focused on the irreversible work and entropy production of quenches on many-body systems undergoing a quantum phase transition (QPT) [18, 19, 24, 25] showing that its critical point (CP) can be signalled by these out-of-equilibrium quantities. In particular, in a first-order QPT the derivative of the average work is discontinuous at the CP, while in a second-order QPT the derivative of the irreversible entropy production and the variance of the work are discontinuous at its CP. Furthermore, given an Hamiltonian's parameter λ, for an infinitesimal sudden quench λ → λ + δ crossing the CP, it has been shown in Ref. [25] that the rescaled irreversible work (RIW) W irr = W irr irr /δ 2 , exhibits finite-size scaling at criticality in a two-impurity Kondo model. At zero temperature, a quench through a CP induces a dramatic change in the ground state of the system. This consideration inspired several works in which QPTs have been studied by the non analyticity of the fidelity between the ground states before and after the quench [26] [27] [28] [29] . In particular, the scaling behavior of the fidelity susceptibility (FS) χ F after an infinitesimal quench, has been shown to be related to the universality classes of the QPT [30] [31] [32] .
The properties of the RIW for infinitesimal sudden quenches resemble the one of a susceptibility, as suggested in [24] . So, at a first sight, one could be temped to identify RIW and FS as equivalent quantities. The scope of this paper is to find a functional relation betweenW irr and χ F . We show that the two quantities are not equivalent having theW irr an extra term taking into account all the transitions to the excited states. Then we analyze the different behavior of RIW and the FS in the thermodynamical limit for the specific case of a quantum Ising model. We show that, while for the FS it is possible to define a critical adiabatic dimension and a critical exponent [30] [31] [32] , the RIW which diverges only logarithmically at the critical point.
The paper is organised as follows: in Sec. II and III we report the perturbative expressions for the fidelity susceptibility and the irreversible work, respectively, deriving a functional relation between them. In Sec. IV we compare these two quantities both in the thermodynamical limit and for finite size systems in the quantum Ising model and, finally, in Sec. V we draw our conclusions.
II. FIDELITY
The fidelity between two pure state is defined by the modulus of their overlap [33] 
providing a measure of their closeness in the Hilbert space. The fidelity ranges from zero, for orthogonal states, to one, for identical states. Because at the CP the ground state of a many body system is excepted to undergo a qualitative change, it has been argued that a QPT can be investigated by the fidelity [30, 34] . Given an Hamiltonian dependent on a paramenter λ
we denote with E n (λ) and |ψ n (λ) the energies and the corresponding eigenstates of H for a given λ. The change of the parameter from λ to λ ′ modifies the ground state of the system by an amount that can be quantified by the fidelity between the two corresponding ground states
For an infinitesimal change in λ, supposing that the ground-state wavefunction is differentiable in the parameter space, one has [30] 
where χ F (λ) is the fidelity susceptibility which can be written in the differential form as
Finally, exploiting perturbation theory, Eq. 5 can be expressed as [35] 
relating the structural difference of the two ground states to the low-lying energy spectrum.
III. IRREVERSIBLE WORK AT T = 0 AND RELATION TO THE FIDELITY SUSCEPTIBILITY
We now consider an infinitesimal sudden quench λ → λ + δ, which changes H(λ) into the new Hamiltonian H(λ + δ) whose new ground state we denote by |ψ 0 (λ + δ) . The irreversible work is defined as the difference between the work produced by the quench and the free energy difference [36] W irr = W − ∆F .
Notice that the irreversible work, quantifying the deviation from a reversible, isothermal process is, at T = 0, equivalent both to what has been dubbed inner friction in Ref. [15] , which quantifies the deviation from a reversible, adiabatic process, and to the excess work , as reported in ref [18] . This equivalence, which however holds only at zero temperature, allows to interpret the following results also as the energetic cost of the adiabatic deviation of a sudden quench.
In the case of a sudden quench Eq. 7 reads
It has been shown [24] that for a small quench, the irreversible work is proportional to the second derivative of the ground-state energy
In order to deal with a quantity independent of the quench amplitude, it can be useful to consider the RIW instead [25] 
2 . In this section we derive an analytical expression for the RIW. As a first step, we calculate the first derivative of the ground state energy. By means of the Hellmann-Feymann theorem and taking into account that
we get
To calculate the second derivative we can exploit the normalization condition ψ 0 (λ)|ψ 0 (λ) = 1 corresponding to
and, after a lengthy but straightforward calculation, we obtain
(13) Comparing (13) with (5) and (6), we arrive to the main result of this section
Equation (14) gives an explicit functional dependence of the RIW from the FS. The two quantities result to be not simply proportional because of the presence of the second term where the transitions to all the excited levels are taken into account. It is worth noticing that in the second term of (14) , the excited energies appear as a weight factor to the second order correction terms. A class of interesting models would be the ones where the {E n (λ)} almost coincide, also motivated by the recent interest for systems with very narrow energy band [37] [38] [39] [40] . In this case one would expect that W irr ∝ χ F . Such limit case could be the subject of future investigations.
We stress that Eq. (14) is only valid for sudden quenches, when Eq. (8) holds. In this kind of processes, we expect for the irreversible work to be always positive. Vanishing irreversible work can be obtained by sudden quenches only if [H 1 , H 0 ] = 0, but in this case, in absence of level crossing, one should have χ F = W irr = 0 as well as ψ n (λ)|H 1 |ψ 0 (λ) = 0 for n = 0. This would lead to no contradiction in Eq. (8) . In the next section we want to verify that this difference between RIW and FS gives a contribution also in a many-body system and in the thermodynamical limit.
IV. IRREVERSIBLE WORK AND FIDELITY SUSCEPTIBILITY NEAR QUANTUM CRITICAL POINT IN A QUANTUM ISING CHAIN
It has been shown that both the χ F and the W irr are able to signal a second order quantum phase transition [19, 41, 42] , nevertheless they are expected to behave differently close to the quantum critical point. The scaling of χ F near a critical point has been studied in [31, 32] . In this section we focus on a quantum Ising chain studying the scaling with the number of sites of the RIW and comparing it with the scaling of the χ F .
The Quantum Ising model in 1D consists on a N-site lattice of localized spin-1/2 particles, with nearest-neighbors Ising-like interaction along a given direction (say x) and locally coupled to an external field along a perpendicular direction (say z) [43] 
We impose periodic boundary conditions so that σ 1 = σ N +1 . The Hamiltonian (15) can be diagonalized exactly by standard procedures. The first step consists in applying the JordanWigner transformation (JWT) mapping the spins into strings of spinless fermions. Denoting with c j and c † j the fermionic creation and annihilation operators, the JWT operates as follow
The so-obtained Hamiltonian does not preserves the total number of spinless fermions but commutes with the parity operator. So the Hilbert space can be decomposed into orthogonal parity subspaces. Hereafter, we will consider only the even-parity subspace, since it does not affect the results in the thermodynamical limit and, for every finite even N , it is also the exact ground state [42] . All the details of the diagonalization procedure are well known (see for example [44] ) and we will go only through the main points.
After applying the JWT, we take advantage of the translational invariance of the model and perform a Fourier transformation
In the even-parity sector, the wavenumber is k ∈ K + , with
with
diagonalizes the Hamiltonian which, in the new representation, becomes
The quasi-particle spectrum is given by
and the ground state and its energy are given respectively by
and
Starting from these expressions, we will study the properties of the system at T = 0. We want to investigate the behavior of the RIW near the CP and compare it with that of the FS, whose properties at criticality for the Ising model has been already investigated (see, e.g., Ref. [30, 41] and references therein). As for the FS, the RIW is expected to have an extensive regular part scaling with N . It is also known [19, 45] that the RIW diverges close to the critical point but, differently from the FS, we will show that its divergence is logarithmic in λ. As a consequence, their finite-size scaling behavior is not equivalent.
A. Fidelity susceptibility near the critical point
We start reviewing the scaling analysis that has been done for the χ F in Ref. [30] . From Eqs. (5) and (22) it is possible to see that
and, using Eqs. 19, 23, 22 one obtains
Here, the integral R F (λ, N ) represents the continuum limit obtained by fixing the lattice number and increasing N , with dk ≃ 2π N . It has been shown that in the limit of large N , for λ < 1
whereas for λ > 1
meaning that, close to the critical point, the quantity χ F /N is intensive with a critical exponent α = 1. For a finite system, in correspondence to the maximum at λ = 1 the χ F diverges faster
with a critical adiabatic dimension d c = 2. Exact analytical expressions for χ F has been given in [42] .
B. Irreversible work
In this last subsection we want to show that the RIW behaves differently from the FS, also in the thermodynamical limit where the second term in Eq. 14 still contributes. We will perform a similar analysis as in the previos subsection. Starting from Eq. (9) and using (23) we get
and, in the continuum limit,
where we have defined the quantity
which, for the quantum Ising model, is proportional to the transverse magnetic susceptibility [14, 46] . In Fig. 1 a comparison between the two quantities R F (λ, n) and R(λ, n) is reported.
One can see that both quantities are extensive away from the critical point, but close to the CP they develop divergences which grow differently with N . By comparing Eq. 31 with Eq. 25, we can conclude that this is due to the different exponents in the respective denominators which yields a logarithmic and an algebraic divergence, respectively, induced by the low energy modes k → 0 for λ = 1. Indeed, the function R(λ, ∞) diverges only at λ = 1 where
Therefore, for a finite size-system, the irreversible work evaluated at its maximum, grows logarithmically with the system's size
corresponding to critical adiabatic dimension equal to zero. It is well known [47] that the peaks in the vicinity of a CP for finite size systems are due to the presence of a QPT in the thermodynamical limit and the relative scaling with the system size is related to the nature of the divergence at criticality for an infinite system. In the following we will show that, in the thermodynamical limit, the RIW exhibits indeed a logarithmic divergence by letting λ approach the CP of the Ising QPT. This is a direct consequence of the above-stated proportionality between the RIW and the transverse magnetic susceptibility [14] for the quantum Ising model. The latter then can be mapped to a 2D classical Ising model where the specific heat at constant volume corresponds to the transverse magnetic susceptibility of the quantum model.
For λ = 1 it is useful to express the energy as
where the function E is the complete elliptic integral of the second kind [48] 
defined from the incomplete elliptic integral of the second kind
with 0 ≤ m ≤ 1. The first two derivatives of E(m) are respectively
where K is the complete elliptic integral of the first kind
defined from the incomplete elliptic integral of the first kind
The RIW is obtained from the second derivative of (34) whose expression in terms of elliptic functions is
We notice that m = 4λ (1+λ) 2 ≤ 1 so for λ → 1 one has m → 1 − . Using the asymptotic limits
we finally obtain
As expected, the RIW behaves extensively but W irr has a critical exponent α = 0 and diverges logarithmically at λ = 1. Therefore, it is possible to perform a finite size scaling for the case of logarithmic divergences with the scaling function [47] 
being ν = 1 the critical exponent of the correlation length for the transverse Ising model. The data collapse is depicted in Fig. 2 together with the finite-size scaling analysis of the fidelity susceptibility exhibiting the algebraic divergence, where the finite-size scaling Ansatz reads
A further step to the present analysis would be the study of the finite-temperature case [30, 49, 50] . To see again the functional difference between RIW and FS, one has to generalize Eq. (14) to the T = 0 case. It would be also interesting to study the behavior of these two quantities in ancillary systems introduced as a probe [51] , so to have experimental access to the phase transition. 
V. CONCLUSIONS
Given a quantum system with a tunable parameter, we related the irreversible work produced by an infinitesimal quench at zero temperature to the fidelity susceptibility of the system's ground state. We showed that the irreversible work differs from the fidelity susceptibility by an extra term which takes into account the transitions to excited states of the pre-quenched system. We compared the behavior of these two quantities close to a second-order quantum phase transition point where they are known to diverge. In this regard, we considered a 1D quantum Ising model and analytically studied how the irreversible work scales in the thermodynamical limit comparing it with the fidelity susceptibility. We have seen that both have an extensive regular part, but, while the fidelity susceptibility has a critical exponent α = 1 and a critical adiabatic dimension d c = 2, the irreversible work diverges logarithmically at the critical point, meaning a critical exponent α = 0. The presence of an algebraic and a logarithmic divergence at criticality for the fidelity susceptibility and the irreversible work, respectively, has been traced back to different exponents in the respective perturbation series expansion. Finally, relying on the finitesize scaling theory, we performed data collapse for both quantities evaluated at different system sizes. From this analysis, we can conclude that the fidelity susceptibility allows for a better detection of the critical point in finite-size systems as both its maximum value and the location of the critical point obey scaling relations that converge faster to the infinite-size case.
To conclude, it would be interesting to investigate if similar results can be obtained also for higher order quantum phase transitions where the critical point may be detected at higher orders in the perturbation expansion of the ground state fidelity.
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